
Math 564: Advance Analysis 1
Lecture 18

Jordan decomp .
theorem follows from Hahn decomposition .

Wef t o be a signed measure on a measurable space (X, B) .
Call a set A = Y U-positive if At U and ~(A) = 0

.

Call a of A <X wepurely positive if A in o-positive and every
subset of A in B is -positive . We define -negative and -purely
neyctive analogously , and we drop p from the terminology if it is dear.

Caution
.

The union of two non-disjoint positive sets may
not be positive :

A B r(AVB) = 1
. 1-2 = -0

.
9
,

- I
+1

.

1
- I while 2(A)=W(B) = 0. 1 .

However :
Obs

. (a) Positive/negative sets are closed under chal disjoint unions .

(b) Pecrely positive/negative sets are closed under itbl (not necessarily
disjoint) unious .

Hahn decomposition theorem
. Get o be a signed measure on a measurable space (X,B) .

Then I unique lup to purely pos . null sets partition X = X
+

LX-
,
where X+ is purely positive

and X- is purely negative .

In particular , w=v/xy-Ix- is a Jordan decomposition .

2

Uniqueness : if X=X+ 4X
-

is another such partition , then X+AX+ and X-AX
-

are purely positive wall .
Proof

. WLOG , suppose
~ < & (otherwise replace it with -0) -

Claim
. Every non-null positive set PCX contains a purely positive subut =P

with v(41) = 01P) < O .



Proof
.

We prove this by a z-measure excanction argument.
Let No = P be -largest negative set

,
i
.
e

.

- v(No) = <up7-2(N) : NcP af N is negativel
,

where sup
= = min) 1 , sup] · Fluen , PLNo is still positive , so we repent :

given ~ disjoint sequence (Niliske Let Na be -largest regative
subset of D1Ni , i . e .

- r(Nn) = p(-vIN) : NEPIL!i s Negative .

Having obtained a pairwie disjoint sequence (NR)ReN , Let P = PLLN
.

REIN

Note ht by thl additivity, v(p) = w(pt) + Zu(Ne) , so v(p+)>-2IP)
and I-0(Na) < & .

It follows RA 4
:

is BE purely positive becase
REN if I non-wall regative NIP* Hew bene (-V(Na))

is summable
,
51 1 .t . -v(N2) < wich t

, -0(N)3 , contradic -
ting the choice of Ne

.

Claim

We know "collect all" purely positive nets
,
so that what's left is purely

negative . We do so by -measure exhaustion argument . Let Po

be a t-largest parels positive set
,
i . e

.

v(P o) = = <p[w(P) : P2X parel, positive?
.

... Suppose (Pilick is a disjoint sequence of paraly positive sets
,

and let Pre be -largest purely positive subset of Xi, i. e.

v(Pr) = bip(r(p) : =X-Piparels positives/
Let X +== 4PK and X-:= XX+

.

Then X- is purely positive
kEIN

and W(X+) < & by our assumption, so pr(Pa) = v(x+) < 8 .



It now Follows NA X- is purely negable bease otherwise
,
Jonnall

positive P=X-
,

so 5 parels positive 41 =P will v (P)= 0(P)=0,
honce JK i

.
t

. W(PK) <I min(1, 0(P)3 , contradicting the

choice of Pr .

Cor
.
For a signed measure W

,
if <I

,
then 57 Mc 0 it 2 = M

.

Proof
. Ut M =

= v(X+)
.

Reall we wanted to
preve :

Labesque decomposition theorem .
For my two finite measures

,
0 on

a measurable space (X , B) - X : = XeH Xo s
.
t

.

Mix, /x
,

and MixotvIXo

One can prove this directly without signed measures by a t-measure
exhaustion argument , but we will just preve a stronger theorem :

Lebesque - Radon-Nikodym theorem
.

For any
two 0-finite measures

,
won

a measurable space (X
, B) , there is a partition of X = X , 4X

.

into subsets in 23 sit
. Mixol vlx

·

and Mix, wIX, moreover,
d (MIx,) = d(r(x ,) for come nourregative B-measurable f. X-310

,
d
,
i
.
e

.

F B = X
,,
BeB

,
we have f

M(B) = (fdr .

-
Xi

-Nestin or it" t
d(M(x

,
)

A

d(v(x
,)



to prove this
,
we reed the allowing leanc :

Lemma . For finite measures
,

on a measurable space (X, 1),
either : 12

or : Mp=3 . 21 for come AcB wit w (A) >O
,

and for some 330
.

Proof Let := 4 .

Let Pr4N be the Hahn decoration of X

for the signed measur M-Snow
.
Let P := MP

n
and N =

x2P = n Nn . Note Rt 0 - M(N) = 3 W(N) n EN for all n
,
so

M(N) = 0 . If WIP) = 0 When X= PLN witenes M1P .

Oturrise
,
I some n sit

.
WIR) < O and Mp-EnUp= P .

Proof of Lebegne - Radou-Nikodym .

The unignemen is clear (if there
is another

,
When SH-Eldr = 0 , so f=F v-a

.
e . ) .

First assume oh
,
2 are finite .


